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We define a new kind quantized enveloping algebra of a generalized Kac-Moody algebra Q by 
\^*) , adding a new generator J satisfying J m = J for some integer m. We denote this algebra by wUq(Q). 

This algebra is a weak Hopf algebra if and only if m — 2, 3. In general, it is a bialgebra, and contains 
a Hopf subalgebra. This Hopf subalgebra is isomorphic to the usually quantum envelope algebra 
U q (G) of a generalized Kac-Moody algebra Q. 
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1 I. INTRODUCTION 

Q': 

In his study of Monstrous moonshine' 3 " 5 !, Borcherds introduced a new class of infinite dimensional Lie algebras 
called generalized Kac-Moody algebras. These generalized Kac-Moody algebra have a contravariant bilinear form 
which is almost positive definite. The fixed point algebra of any Kac-Moody algebra under a diagram automorphism 
is a generalized Kac-Moody algebra. A generalized Kac-Moody algebra can be regarded as a Kac-Moody algebra 
with imaginary simple roots. More explicitly, a generated Kac-Moody algebras is determined by a Borcherds-Cartan 
matrix A = (ciij)(i.j)eixi > where either an = 2, or an < 0. If an < 0, then the index i is called imaginary, and the 
corresponding simple root on is called imaginary root. In this paper, the set {i 6 I\an — 2} is denoted by I + . Set 
jim _ i xhc structure and the representation theory of generalized Kac-Moody algebras are very similar to 



those of Kac-Moody algebras, and many basic facts about Kac-Moody algebras can be extended to generalized Kac- 
Moody algebras. For example, the Kac-Weyl formula about an irreducible representation over a Kac-Moody algebra 
is generalized to a formula about an irreducible representation over a generalized Kac-Moody algebra as follows. 



^ 1 V V ( -1)IM + \F\ w(\+p-s(F)) 
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where T is the set of all imaginary simple roots, F runs all over finite subsets of T such that any two elements in F are 
mutually perpendicular. We denote by s(F) the sum of the roots in F. We call the above formula Borcherds-Kac-Weyl 
formula. 

On the other hand, many mathematicians are interested in generalization of Hopf algebras, of which importance 
has been recognized in both mathematics and physics. One way to do this is to introduce a kind of weak coproduct 
such that A(l) ^ 1 ® 1 in Ref.l. The face algebras' 7 ' and generalized Kac algebras' 16 ! are examples of this class of 
weak Hopf algebras. Li and Duplij have defined and studied another kind of weak Hopf algebras' 12 '. A bialgebra 
(H, /i, 77, A, e) is called a weak Hopf algebra if there is an anti-automorphism T such that T * idn * T = idu and 
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idn *T * idff = T, where idu is the identity map and * is the convolution product. Hopf algebras, and left of right 
Hopfl 13-14 ! algebras are weak Hopf algebras in this sense. In presented paper a weak Hopf algebra is always mean 
the weak Hopf algebra in this sense. The weak quantized enveloping algebras of semi-simple Lie algebras are also 
weak Hopf algebras' 15 !. Our aim is to give more nontrivial examples of weak Hopf algebras. Thanks to the definition 
of quantized enveloping algebra U q (Q) associated a generalized Kac- Moody algebra Q defined in Rcf. 7, we can also 
replace the group G(U q (Q)) of grouplike elements by some regular monoid as in Ref.14 and Ref. 15, we use a new 
generator J instead of the projector in Ref.14 and Rcf.15. Our new generator J satisfies J m = J for some integer 
m > 2. By this way, we obtain a subclass of bialgebra wU q (Q). This bialgebra contains a sub-bialgebra U T (Q), which 
is isomorphic to the a weak Hopf algebra in Ref. 15. Moreover, the quotient algebra wU q (Q)/(l — J) is isomorphic to 
a sub-Hopf-algcbra of the quantized enveloping algebra U q {Q) as Hopf algebras. As in the case of the classic quantum 
group U q (Q), we try to determine irreducible representation of wU q {Q). 

Finally, let us outline the structure of this paper. In Section II, we recall some basic facts related to the quantized 
enveloping algebra of a generalized Kac- Moody algebra. In Section III, we give the definition of wU q {Q). We study the 
bialgebra structure of wlI q (G) in Section IV. In the final section, we study the irreducible representation of wU q (Q). 

II. NOTATIONS AND PRELIMINARIES 

In this section, we fix notations and recall fundamental results about generalized Kac-Moody algebras. 

Let 7 = {1, • • ■ ,n} or the set of positive integers, and A = (a,ij)i x i, a Borcherds-Cartan matrix, i.e., it satisfies: 

(1) an = 2 or an < for all i e 7, 

(2) aij < for all i ^ j, 

(3) a^ e Z, 

(4) a^ = if only if aji = 0. 

We say that an index i is real if an = 2 and imaginary if an < 0. We denote I + = {i 6 I\an — 2} and I lm = I — 1 + . 
Kang considered the generalized Kac-Moody algebras associated with Borcherds-Cartan matrices with charge' 9 ' 

m = {{m l e Z>o)|« G I, nii = 1 for i G 7}. 

The charge rm is the multiplicity of the simple root corresponding to i £ I. In this paper, we follow [11], and assume 
that rrii = 1 for all i e I. However, we do not lose generality by this hypothesis. Indeed, if we take Borcherds- 
Cartan matrices with some of the rows and columns identical, then the generalized Kac-Moody algebras with charge 
introduced in [9] can be recovered from the ones in present paper by identifying the his and dis( and hence the c^s) 
corresponding to these identical rows and columns. 

Moreover, we also assume that A is symmetrizable; that is, there is a diagonal matrix D — diag{si > 0\i £ 7} such 
that DA is a symmetric matrix. 



Let P' = (©jg/Z/ij) © (©jg/Zrfj) be a free abelian group generated by the set {hi, di\i G I}. This free abelian group 
is called the co-weight lattice of A. The element hi in IT= {hi\i e /} is called a simple co-weight. We call IT the set 
of all simple co-weights. The space H — Q ®z P~over the rational number field Q is said to be a Cartan subalgebra. 
The weight lattice is defined to be P:={Ae W*|A(P") C Z}, where H* is the dual space of the Cartan subalgebra 
TL = Q <x>z P". We denote by P + the set {A e P|A(/ij) > 0, for every i e /} of dominant integral weights. 

Define a*, Aj e by 

cti(hj) — a,ji, a-i(dj) = dij 
A i (h j )=S ij , Ai(dj) = 0. 

Then a>i,i £ I are called simple roots of A. Let IT = {ai\i £ /} C P be the set of simple roots. The free abelian 
group Q — (Bi e iZcci is called the root lattice. Set Q + = J2iei ^>o a i an d Q- = —Q+- For any a £ Q+, we can write 
a = J2k=i a ik for ii,Z2, • • ■ ,i„ € /. We set fti(a) = n and call it the height of a. 
Let (.|.) be the bilinear form on (®j(Qaj © QAj)) x defined by 

(ai| A) = SiX(hi), (Ai| A) = SjA(di). 

Since it is symmetric on (®»(Qaj © QAi)) x (®»(Qai © QAi)), one can extend this to a symmetric bilinear form on 
TL*. Then such a form is non-degenerated. 

We always assume that K is a field of characteristic 0. Let ijGK and qt = q di . It is assumed that qi ^ ±1,0 for 
all i £ I. For an indeterminant f and an integer m, let 

[m]„ = — — — — , [m]!„ = [m]„ ' ' ' [°]^ = !. 

and 

Ml 
[s]!„[m - s]!„' 

Definition TTie quantized enveloping generalized Kac-Moody algebra U q {Q) associated with a Borcherds- Cartan datum 
(A, P ",P, II II) is the associated algebra with unit 1 over a field K of characteristic 0, generated by the symbols e i} 
fi (i £ I) and P ' subject to the following defining relations: 

q° = l,q h q h ' = q h+h ' V/l, h! £ P, 



m 
s 



q h e t q- h = q a ^e t , q h f iq ~ h = q~ a ^ f u 
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1—aij 

E (-!) r 



1 - (Xi 



r = 



1 — a. 



E (-!)' 



1 - a, 



e i Te j e i =° */ a " = ^ J; 



./•' " '/,/T <> if a u = 2,i^j, 



r=0 



e{Gj GjGi fifj fjfi — 0, if Clij 0. 



The quantum generalized Kac-Moody algebra U q (Q) has a Hopf algebra structure with the comultiplication A, the 
counit e, and antipode S defined by 

A(q h ) = q h ®q h , 
A(e;) =e i <8>fcr 1 + l(g)e i , 
A(/i) = h ® fi + fi ® 1, 
e( O ' l ) = l,e( ej ) = e(/ J ) = 0, 

for all h E P ~ and i e /. 

Let Ug(Q) and U~{Q) be the subalgebras of U q (Q) generated by elements and fi respectively, for i E I, and let 
U q {Q) be the subalgebra of U q (Q) generated by q h (h E P ' ). Then we have the triangular decomposition [1,8] 



u q (g) = u-{g)®u° q {g)®u+(g). 

Finally, let us use U' q {Q) to denote a subalgebra of U q {Q) generated by e i7 fi, q h , where h E ®i e iZsihi © ©j e /Zdj. It 
is obvious that U'{Q) is a Hopf algebra. 

III. WEAK QUANTUM ALGEBRAS wUq(Q) 

Let m be a fixed positive integer. To generalize the invertibility condition kik^ 1 = 1 in U q (Q), let us introduce 
some new generators J, Ki and K i7 which subject the following relations: 

jm-l = k ,k, = k, k , = D ,fy, = jj.Q, (HI.l) 



Moreover, we assume that J m — J and 

K.J 711 - 1 = J m ~ x K, = AT*, K,J m - x = J m ~ x Ki = Ki. (III.2) 

D.J" 1 - 1 = jn-^Di = Di, D.J" 1 - 1 = J m - l Di = A- (III.3) 
We call an element Ei of type one if it satisfies 

KjEi = q?' EiKj , KjEi = qT aii E t K 3 . (III.4) 

Similarly, if 

KjFi = qT aii FiKj , K 3 F, = q7 a « F.K, , (III.5) 
then Fi is said to be type one. Suppose 

KjEiKj = q a «Ei. (111.6) 
Then we say that Ei is type zero. Similarly, Fi is type zero if it satisfies the following: 

KjFiKj =q- a ^Fi. (111.7) 

Proposition III.l Ei ( resp. Fi ) is type zero if and only if Ei is type one and EiJ m ~ 1 = J m ~ 1 Ei — Ei ( respectively, 
F^™- 1 = J m - x Fi = Fi). 

Proof If Ei is type zero, then we obtain from (III. 6) 

a,/:, a, a, = a,/--/"' 1 = <i' i:,k,. 

On the other hand, since J m ~ 1 Kj = Kj, 

KjEiKj = KjEiJ m ~ x Kj = q^EiKjKj = q^E t J m -\ 
So E t = E.J" 1 - 1 . Similarly, we can prove that E t = J m ~ x Ei. Then 

KjEi = KjEtJ™- 1 = ,/;' i:,K r 

and 

EiKj = J m ~ x EiKj = «/•;' A , /.', . 
That is, Ei is type one. On the other hand, if Ei is type one, and EiJ m ~ x = J m ~ 1 E i = E t , then 

q a i ii E i = q a i ii E i KjKj= KjEiKj. 



Similarly, we can prove the statement about F t is true. By now, we complete the proof. 

The types of Ei and Fi are denoted by respectively. Let r = { K 'i)}iei)- By now, we can give the 

definition the weak quantum algebra of type r as follows: 

Definition The type r weak quantum algebra wU^(Q) associated the generalized Kac-Moody algebra Q is an asso- 
ciated algebra with unit 1 over a field K of characteristic 0, generated by J, Ei, F^i e I) and K iy D^i e I) subjecting 
with the following defining relations: 



1 + J" 1 - 1 = KiKi = DiDi, J m = J, 



(III.8) 



KiKj = KjKi, KiKj = K J K l , K t K 3 = K 3 K U 



D.Dj = DjDi, DiD 3 = D 3 Di, D t D 3 = D d D u 



DiK = KjDi, KiDj = D K tl D t K = K D tl D t K = KjD i} 



D t J = JD U KiJ = JK t , K t J = JK t , D t J = JD, 



DiJ^^Di, K i J m ~ 1 =K i , J m - l D l = D u J m ~ 1 K i = K, 



rn — 1 : 



(111.9) 
(111.10) 
(III.ll) 
(111.12) 
(111.13) 



Ei Fi are type t, 



(III. 14) 



EiFj — FjEi = 64 



Ki - Ki 



3 J 1 13 -11 

% - Qi 



(111.15) 



EM) 



r=0 



1 - a, 



E\ aii r E 3 El = if a u = 2,i^j, 



(111.16) 



1—ai 



E Mr 



r = 



1 — ai 



Fl a ^ r FjF[ = if a u = 2,i^j, 



(111.17) 



EiEj — EjEi — FiFj — FjFi — 0, if a^ — 0. 



(111.18) 



If m = 1, and the Borcherds-Cartan matrix A is symmetric, then wllJ(Q) = U q (Q) provided that we identify Ki 
with q hi , Ki with q *, Di with q di and Di with q~ di . If m = 2 and Q is a semisimple Lie algebra, then wllJ(Q) has 
been defined and studied by Yang in Ref.[15]. Notice that the type zero was called type two by Yang. 
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Lemma III.l J" 1-1 is a center idem-potent element of wU^{Q). 

Proof If E t is type one, then J" 1 " 1 ^ = KjKjEi = EiKjKj = EiJ m ~ x . Similarly, we can prove that F t J™" 1 = 
jm-ip. provided p i j s type one. Hence this lemma follows from Proposition III.l. 

In the following corollary, the subalgebra of U q (Q) generated by Ei,Fi, Sihi,di(i € I) is denoted by U' q (Q). It is a 
Hopf subalgebra of U q {Q). 

Corollary III.l (1) wU^(G) = wU^(G) J" 1 ' 1 © wU^(G){l - J m_1 ) is a direct sum of algebras. 

(2) wlIq(G)/(l — J) is isomorphic to the algebra U'{Q). 

(3) The subalgebra wU q (Q) m -i of wU q (Q), which is generated by E i J m ~ 1 ,F i J m ~ 1 ,Ki,Ki,Di,Di (i 6 I), is iso- 
morphic to the algebra U' q (Q). 

(4) Let U T {Q) be a subalgebra of wlI q (G), which is generated by E i} F i} Ki, K i} Di, Di (i 6 I). Suppose Q is a 
semisimple Lie algebra. Then U T (Q) is isomorphic to the algebra M q {Q) in [15]. 

Proof The proof of (1) and (2) is easy. To prove (3), let us define a map tp from U' {Q) to wU^ (Q) J" 1-1 as follows. 

i,{q*^)=K i , #?*)=A, ^{e i )=E i J m -\ V(/i) = F t J m ~\ tp(l) = J m_1 . 

Then one can show that ip is an algebra homomorphism. Similarly we can define an algebra homomorphism a map ip 
from wlI^G) J" 1 ' 1 to U' q {Q) as follows. 

<p(K i ) = q s > h \ <p(D i ) = q d >, ^J™- 1 ) = e u ip(F i J m ~ 1 ) = / i; ^(J" 1 " 1 ) = 1. 

It is easy to check that iftp — id and ipip = id. This proves (3). 

To prove (4), let us use J' to denote the J in the algebra M q {Q). Then we can define a mapping 9 from U T {Q) to 
M d q {Q) as follows: 

6{E i )=E u 9(F i ) = F i , 9(J m - 1 ) = J'. 

It is easy to prove that 9 is an isomorphism. 

Remark 1 By Proposition III.l, wU q {Q){l- J m ~ r ) is generated by I- J 711 - 1 , E^l-J™- 1 ) and F,(l- J" 1 " 1 ), where 
Ei and Fi are type one. Since (III. 15) holds in wU^(Q), E t (l - J^^F^l - J m ~ l ) = Fj(l - J 7 ™" 1 )^^ - J 1 "- 1 ). 
If all Ki — iii = 0, then wU^{Q){l — J m_1 ) is isomorphic to K. 

IV. THE BIALGEBRA STRUCTURE OF wUg(G) 

The algebras wll^ (Q)J" 1 ^ 1 and wlIg(Q)(l — J" 1-1 ) are denoted by w and w respectively in the following. By 
Corollary III.l, wU q {Q) m -i is isomorphic to the quantum group U q (Q) provided Sj = 1. Thus the comultiplication 
and counit of U q (Q) transplant to the algebra wU q {Q) m -\, and wU q {Q) m -\ becomes a Hopf algebra. Moreover, wc 
can define three maps: 

a : wu T q {g) -» wu T q {g) ® wu T q {g), 



as follows: 



e : wU T q (G) - K, 

A(i^) = ^ ® K i; A(i^) = ^ ® ^, (IV.l) 

A(A) = A®A, A(A) = A®A, (iv.2) 

A(J) = J®J (IV.3) 



1 ® + (g) ifi, Ei is type one 
A(Ei) = { (IV.4) 

J" 1-1 ® Ei + Ei® Ki, Ei is type zero, 



Fi®l + Ki® Fi, Fi is type one 

A(F) = { _ (IV.5) 

Fi <g> J" 1-1 + ® Fi, Fi is type zero, 

e{K i )=e(K i ) = l, £ (A) = e(A) = 1, ^) = 1, (IV.6) 

e(£i) = e(F<) - 0, (IV.7) 

while the map T is defined as follows: 

T(l) = l, T(K i ) = K i , T(Ki) — Ki, (IV.8) 

T(J) = J, T(A)=A, T(A)=A, (IV.9) 

r(f?j) = -£^ i; T(Fj) = -JfiFj. (IV.10) 
Then we extend them to the whole wU^(Q). Thus we obtain the following Lemma. 
Lemma IV.l wU^{Q) is a bialgebra with comultiplication A and counit e. 
Proof It can be shown by direct calculation that the following relations hold. 

A(^)A(^) = A(^)A(^) = AiJ™- 1 ) = A(A)A(A) = A(A)A(A), 



A(A)A(A) = A(A)A(A), A(Di)A(Dj) = A(A,)A(A), 
A(A)A(A) = A(A)A(A), A(A)A(^) = A(A)A(A), 
A(A)A(A) = A(A)A(A), A(A)A(^) = A(A)A(A), 
A(A)A(J) = A(J)A(A), A(A)A(J) = A(A)A(J), 
A(A)A(J) = A(J)A(A), A(A)A(J) = A(A)A(J), A(J m ) = A(J), 
A(J m - 1 X J ) = A(A), A(J m - 1 X l ) = A(A), 
A(J m - 1 A) = A(A), A(J m - 1 A) - A(A), 
e{KiKj) = eiKiMKj), e{D i D j ) = e(AMA), 

eiJ^Ki) = e(Ki), si^Kj) = e(Kj), 
s(Ki)e(J) = e(J)e(Ki), e(A)e(J) = e(D t )e(J), 
e{Ki)e{J) = e{J)e{Ki), e(A)e(J) = e(A)e(J), e{J m ) = e(J), 



eiJ^Di) = e(A), eiJ^Dj) = e{D 3 ), 



e{D t K ) = e(i^-A), e(AA) = e(AA), e(AA) = e(AA) 

£ (^) £ (A) - qT'eiEMK,), e(Fi) E (Kj) = g ^ £ (A)e(^), 

£ (A)e(A) - e(AMA) = % £ (^)-y) . 

<?» - Qi 

If A is type one, then 



A(^)A(A) = {Kj ® Kj)((l ® Ei + Ei ® 
= Kj ® A' A + KjEi <g> A A 
= ^A(A)A(A). 
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If Ei is type zero, then 



A(X J )A(^ i )A(^) - {Kj ® Kj){J m - 1 ®Ei + Ei® Ki)(Kj ® Kj) 
= KjKj ® l\,E,l\, + l\, E, l\ , ® l\ , 
= C J A(^). 



Next we prove that 



HEi)A(Fj) - A(F j )A(E i ) = 5 ^ {Kl) ^[ Ki) . (IV.ll) 

Qi ~ % 

For any integers < r, s < m, if J m ~ r Fj = FjJ m ~ r , J m ~ r Kj = KjJ m - r , J m - S K, = K t J m - s and J m - S F; = 
E t J m - s , then 

(J m " r O F, + F, eg) Ki)(Fj ® J m " s + Fj ® F,) 

-(Fj- ® J m - S + Kj ® Fj)(J m - r ®E i +E i ®K i ) 
= J m - r Fj ® E l J m ~ s + J m - r Kj ® FF,- + F 4 F,- (8) KiJ m ~ s + E, L Kj ® F;F,- 

_ FjJ m-r ^ ;m- 8£ . _ jm-s R . _ £.jm-r ^ _ 

= r-^j ® (F^ - Fj-Si) + (FjFj - FjFj) ® J m -^ 4 . 

Thus (IV.ll) holds for all i, j. 

Finally, we prove that A satisfies the Quantum Serre relations, i.e., the relations from (III. 16) to (III. 18). 
From a,ij = 0, we obtain EiEj = EjEi, and KiEj = q a ^ EjKi = EjKi. Hence 

(J m - r ®E l + E l ® K{){J m ~ s ® Fy + Fj ® Kj) 

-{J m ~ s ® Ej + Ej ® K 3 ){J m - r ®E l + E i ® Ki) 

= J 2m - r ~ s ® + jm-r E . + £ .jm- 8 ^ + ^ K . R . 

_j2m-r-s (g _ jm- S £. _ E .jm-r _ ^.£. 

= J m - r Ej ® E.Kj + EtJ™- 3 ® KiEj - J m - s Ei ® E^K, - EjJ m ~ r ® K^E, 
= 0, 

for r = 1 , or m — 1 , and s = 1 or m — 1 . So 

A(Fj)A(Fj) - A(Fj)A(Fj) = 0. 

Similarly, we can prove 

A(F)A(F J )-A(F J )A(F) = 0. 

By now we have proven that A satisfies the relation (III. 18). 

To prove that A satisfies the relation (III. 16), we must consider the following cases: 

(1) Both Ei and Ej are type one. 

(2) Only one of the F, and Ej is type one. 
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(3) Both Ei and Ej are type zero. 
For the case (3). Since Ei is type zero, 

A(Ei) = J™- 1 ® E t + E l ® Jf 4 

= (J m_1 <g> 1)(1 ® + £ 4 ® X,) • 

= (i®£; i + £7 j (g>jr j )(.7 m - 1 ®i) 

Let us introduce new notations. (1 ® Ei + Ei ® JQ) is denoted by A'(Ei). Set s = 1 — a,j. Then 



E;= (-i) r 



A(^) s - r A(^)A(^) r 



(Jro -l ^ 1)(S+ 1) ^)' =0 (_l)r 



A'(^) s_r A'(^)A'(£; J ) r 



0, 



by the discussion in [8,pp67-68]. Hence A satisfies (III. 16) in this case. For the other cases, the argument is more or 
less the same as case (3). 

Similarly, wc can prove that A satisfies(III.17). Therefore A and e can be extended to an algebra morphism from 
wU^(Q) to wU^(G) <g) wU^(g), and from wU T q Q) to K, respectively. 
It is easy to prove that 



(A®l)Apf)= (l<g)A)A(X), 



(IV.12) 



(e ® l)A(X) = (1 <S> e)A(X) (IV.13) 

for any X — Ei,Fi, Ki, Ki, Di, Di, J. Since A, e are algebra morphisms, (IV.12) and (IV.13) hold for any X G wU^{Q). 
By now we have completed the proof. 

Next we prove that the map T, defined by (IV. 8), (IV. 9), (IV. 10), is a weak antipode of the subbialgebra of the 
bialgebra wUg(G) generated by Ei,Fi,K i} Ki, Di, D i} J m ~~ x . First we prove that T can be extended to an anti- 
automorphism of wUg(Q). It is easy to prove the following relations are true. 

T(K t )T(K 3 ) = T(Kj)T(Ki), T(D t )T(D,) = T(D,)T(D t ), 
T{Di)T{K 3 ) = T(^)T(A), T(Ki)T(Dj) = T(5,)T(^), 

T(Di)T(Kj) = T(Kj)T(Di), T(J m ~ 1 )T(^) = T{Ki) T(J m - 1 )T(K l ) = T{K t ), 
T(KiJ) = T{J)T(Ki) = T(JK t ), T(AJ) = T{D l )T{J) = T(JD t ), 

T{K l J) = T(J)T(Ki) = T(JKi), T(D t J) = T(Di)T(J) = T(JDi), T(J m ) = T(J), 
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T{J m - l )T{D t ) = T(D t ) T{J m -')T{Di) = T(D t ). 



T(E i )T(E j ) = T(E j )T(E i ), T(F i )T(F J ) = T(F )T(F i ) 1 if a ij= 0. 



If Ei is type one, then 



If Ei is type zero, then 



Similarly, we can prove 



if Fi is type one, and 



if Fi is type zero. Moreover, 



T(Ei)T(Kj) = -EiKiKj = -q^K^K, = q a ^T{K )T{E t ). 



T{Kj)T(Ei)T(Kj) = -KjEiKiKj = -q^E^ - q^T{Ei). 



T(F l )T(K J )= q ; a ^T(K J )T(F l ) 



T(Kj)T(Fi)T(Kj) = q," T{F, 



T(Fj)T(Ei) - T(Ei)T(Fj) - A , •: /•,/•.', j A', F,h,hJ \ 



= q. " JJ q"' J FjF.iKjKj - q. " q] i,F,K,K, 

— Oil =1 — 

8i-9i 



Similarly to [15, p. 8], we can prove the following anti-relations to the quantum Serre relations hold. 



E(-!) r 



r=0 



TiEiYTiEjyriEi)'- 1 - = 0, i/ a l4 = 2, 



r=0 



T(F l ) r T(F J )T(F l ) s -'- = */ a 4l -2, 



where s = 1 — a i3 ■ . 



From the above discussion, we get that T is an anti-automorphism of wU^{Q). Let C/ r be a subalgebra of wUq(G) 
generated by K u K iy D u D u E u Fi, J™' 1 . 

Theorem IV. 2 T is a weak antipode ofU T (G) and U T {Q) is a weak Hopf algebra. 
Proof It is easy to verified the following relations hold 



(id*T*id)(X) =X, 
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(T*id*T)(X) = T(X), 

for X = K u K u Di, D u E t ,F t , J m_1 . 
Since 

id*T *id= (/j,® l)fj,(id <8> T <g> id) (A ® 1)A, 

id * T * id is a linear automorphism of wU^(Q). To prove (id*T * id){X) = X, for any X e ?/ T ({?), we only need 
prove that 

(id*T*id){xy) =xy (IV. 14) 

provided that (id*T *id){x) — x, and y is one of the generators Ki, Ki, Di, Di, Ei, Fj, J m_1 . Suppose (A®l)A(x) = 
®x ( 2) <8>x (3) . Then (A ® l)A(x J" 1 " 1 ) = ^ x (1) J" 1 " 1 ® x (2) J" 1 " 1 ® x (3) J" 1 " 1 and hence 

id*T*id(xJ m - 1 ) = ^x (1) T(x (2) )x (3) J m - 1 =xJ m " 1 . 

Similarly 

id*T * id(xEi) = £ x (1) J m - 1 T(x (2) J^-^xo)^ + £ x (1) J m - 1 T(x (2) ^)^(3)-^i+ 
£ x ( i ) S l T(x (2) i ; i' l )x ( 3 ) ^ 

= E a; (l) T ( a; (2))^(3)^ - E x (l)^^ T ( x (2))a;(3)^ + 

Xx ( i ) ^^T(x (2) )x (3) ^ 
= xEi, 

if i?i is type zero. We can prove (IV. 14) is true for other generators of U T {Q). So id*T*id(x) = x for any x e U T (Q) 
by induction. 

Similarly, we can prove T *id* T(x) = T(x) for any x e U T (Q). So T is a weak antipode of U T (Q), and U T (Q) is a 
weak Hopf algebra. 

Corollary IV. 1 wUg(Q) is a weak Hopf algebra if and only if m = 2,3. Moreover, if m — 2,3, then wU^{Q) is a 
noncommutative and noncocommutative weak Hopf algebra with the weak antipode T , but not a Hopf algebra. 

Proof Since m = 2, J 2 = J. Then 

id * T * id(J) = J 3 = J = T{ J) = T*id* T{J). 

Similarly, if m = 3, then J 3 = J. Thus wUg{Q) is a weak Hopf algebra provided that m = 2, 3. 

If wlIg(G) is a weak Hopf algebra, then id*T * id(J) — J 3 — J. From this and J m — J, we can obtain either 
J 2 = J or J 3 = J. Thus to = 2, 3 by our assumption. 

Suppose wUq(Q) is a Hopf algebra with antipode S. Then S(J)J = 1. On the other hand, since J" 1 = J, 
(1 — J m ~ 1 )J = implies that J m_1 = 1. This is contradict to our assumption. So wUg(Q) is not a Hopf algebra. 
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Corollary IV. 2 U T (G) is a noncommutative and noncocommutative weak Hopf algebra with the weak antipode T, but 
not a Hopf algebra. Moreover, U T (G)J m ~ 1 is isomorphic to U' q (Q) as Hopf algebras. 

Proof It follows from Corollary III. 1 , Theorem IV. 2. 

Proposition IV. 1 Suppose to > 4 and wU^{Q) has a subalgebra W containing J r for some 1 < r < m — 1. IfWis 
a weak Hopf algebra, then 

m — 1, if m is even, 

(IV.15) 

|(m — 1), if m is odd. 
Proof Since W is a weak Hopf algebra, J r = T * id* T(J) = J 3r . Hence J 3r — J r and 2r = k(m — 1) for some 
integer number k. If to is even, k = 2, then r = to — 1. If m is odd, then k = 1, 2, and r = to — 1, |(m— 1) respectively. 

To simplify notations, let us use £> m to denote the bialgebra wUg(Q), where m is the minimal integer number 
satisfying J m = J. 

Proposition IV. 2 Suppose k = 2, r = \{m — 1). 77ie subalgebra W3 ofwU^{Q) generated by Ei, Fi, K i} Ki, D i} Di, J r 
for i £ I is isomorphic to B3 . 

Suppose k = l,r = to — 1. TTie subalgebra W 2 of wU q {Q) generated by Ei, Fi, K if Ki, Di, Di, J r for i e I is 
isomorphic to B 2 . 

Proof If k = 1, and r = m — 1, then W2 is isomorphic to Z3 2 by Corollary IV. 2. 

If to is odd, fc = 2, and r = \{jn — 1), then we can prove that W3 is isomorphic to £> 3 similarly. 

Let H be a coalgebra. The set of group-like elements of H is denoted by G(H) in the next proposition. 

Proposition IV.3 G(U T (g)) = G(U T (Q)J m ~ 1 ) U {1}. 

Proof li g e G(U T (G)), then g = gj" 1 - 1 + g(l - J" 1 - 1 ). Let g\ — gj m ~ 1 ,g 2 = g(l — J" 1-1 ). Then g ® 5 = A(g) = 
5i ®5i 52 +ff2®ffi +52 ®52- Since A (51) = 51 ® gi is a group-like element, A(g 2 ) = gi ®g 2 +92 ® ffi + g 2 <8>ff2- 

So 

(1 <gi A)A(g 2 ) = gi ® ffi ® g 2 + 0i ® 52 ® 51 
+ gi ® g2 ® g2 + 92 ® 91 ® gi 
+ 92 ® 91 ® 92 + 92 ® 92 ® 9i 

+ 92® 92® 92- 

Then 

' (T * id * T)( 52 ) - T( 52 ). 92 T( 32 ) = T(g 2 ), 

(IV. 16) 

(id*T* id){g 2 ) = g 2 T(g 2 ).g 2 = g 2 . 
Because U T (G){1 - J m_1 ) is generated by £;(1 - J™" 1 ),^-^ - J m_1 ), 1 - J" 1-1 and T(^(l - J™ -1 )) = T(Fj(l - 
J" 1 - 1 )) = 0, T(fif 2 ) = k(l - J m - V ) for some k G K. From (IV.16), we obtain the following: 

fc 2 92 = fc 2 (l - J m - 1 ) 2 g 2 = Hi - J" 1 - 1 ), 

(IV.17) 

fc fl2 2 (l - J™" 1 ) = %| = g 2 . 
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If k = 0, then g = gi e G([/ T (g)). If ^ 0, then 52 = ±(1 - J m_1 ). Thus 

1(1 1 - J" 1 " 1 J" 1 " 1 ) = \gi (1 - J" 1 " 1 ) + 1(1 - J m_1 ) .91 + - J m_1 ) (1 - J ro_1 ). 
Multiplying by fc(J m_1 (g) 1) on the both sides of the above equation, we get 

J" 1 " 1 Cg) 1 - J™" 1 J m_1 = 0i ® (1 - J™" 1 ). 

Similarly we have 

1 J" 1 " 1 - J™- 1 <8> J m_1 = (1 - J" 1 " 1 ) (8) gi . 

Then 

101- J m_1 ® J m_1 = J™" 1 ® 1 + 1 ® J TO_1 - 2J m_1 <g> J" 1 " 1 + 1(1 - J m - r ) ® (1 - J" 1 " 1 ). 

Hence 

(1 - J m_1 ) ® (1 - J™" 1 ) = 1(1 - J™" 1 ) ® (1 - J m_1 ). 

Consequently, k = 1. Notice that the set of group-like elements of U T (Q) J m_1 is a monoid generated by K i} Ki, D if Di 
and J m_1 , and the elements from this monoid are linearly independent over K. So we get 51 = J m_1 from 1 <g> J m_1 — 
jm-i ^ jm-i = (1 _ jm-i) jm-i = (i _ J™-*) ^ Hence 3 =1. 

Proposition IV. 4 Suppose ip is an automorphism of the bi-algebra wU^{Q). Then <p(J) = J r for some 1 < r < m— 1 
only if there exists 1 < s < m — 1 suc/i iftai rs = lmod(m — 1). Moreover ^(J m_1 ) = J" 1 " 1 and the restriction of p 
on w ( resp. w )is an isomorphism of w (respect, w). 

Proof From J m = J, we obtain p>(J) m = <p(J). Thus <^(J) m J m_1 = (p(J)J" 1 ^ 1 is a group-like element in w?7„ T (a) C 



Q 

jm—l\ 



U q {G). Suppose ip(J) = Lp{J)J m - x + x, where x = <p(J)(l - J™' 1 ) G ™. Since Tp(J) = <p{T(J)) = ip(J), Tx = x. 



(IV.18) 



Consequently, x = k(l — J m ). Then 

A(v?(J)) = (<p(J) J m_1 + x) ® (y>(J) J™- 1 + x) 

= ip(J)J m ~ 1 (p(J)J m ~ 1 + k(l 1 - J" 1 " 1 J™" 1 ) 
= ip(J)J m ~ 1 ip(J)J m ~ 1 + kipi^J" 1 - 1 <gi (1 - J™" 1 ) 
+fc(l - J m_1 ) ® tp(J)J m ~ 1 

From (IV.18), we obtain that 

fc(l 1 - J m_1 J™" 1 ) = fc</?(J)J m_1 (1 - J™" 1 ) +fc(l - J™" 1 ) (p(J)J" 1 ^ 1 . (IV.19) 

Hence 

fc(l - J" 1-1 ) = fe^J)^-^! - J™" 1 ) + fc(l - J"*- 1 )^)^- 1 = 0. 
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So k = and (p(J) — </j(J) J™ -1 . Notice that the monoid of all group-like elements of wU^(Q) is generated by 
Ki,Di,Ki,Di and J. Since ip(J m ) = tp(J) m = <p(J) <p(J) = J r for some 1 < r < m - 1. Consequently ^(J™- 1 ) = 
J" 1-1 , and the restriction of ip on u> is a Hopf algebra isomorphism of w. Similarly, we can prove the restriction of ip 
on w is an algebra isomorphism of w. Since <p is an isomorphism, there exists s such that 1 < s < m — 1 and 

ip(j s ) = r s = j. 

Thus rs = lmod(m — 1). 

Remark If r,s satisfy rs = lmod(m — 1), then it is easy to prove that the mapping ip defined as follows is an 
automorphism of the bialgebra wU^(Q): ip(Ei) = Ei,ip(Fi) = Fi,ip(Ki) = Ki,ip(Ki) = Ki,ip(Di) = Di,ip(Di) = 
Di,ip(J) = J r . The inverse mapping ip of ip is given by the following :ip(Ei) — Ei,ip(Fi) — Fi,ip(Ki) — Ki,ip(Ki) = 

Kt, V-(A) = A, V'(A) = A, ip(J) = J s - 

If the equation rs = lmod(m — 1) has only trivial solution r = s = 1, for example, m — 1 is a prime, then we can 
prove the following: 

Corollary IV. 3 Suppose Q is a semi-simple Lie algebra, and the equation rs = lmod(m — 1) has trivial solution 
r = s = 1. Then the automorphism group of the bialgebra of wU^ (Q) is the semi-direct product of N and H , where 
H is the group of diagram automorphism, and N is the group of diagonal automorphism and it is a normal subgroup 
of the automorphism group ofwU^(Q). 

Proof Similar to the proof of Theorem 5.1 in Ref.15. 

Remark (1) If Q is a semisimple Lie algebra, then U T {Q) is isomorphic to the weak quantum algebra defined by 
Yang in Ref. [15]. 

(2) Let Q be a generated Kac-Moody algebra determined by a Borcherds matrix A. Suppose P m ^ <p. Then ip s 
for 1 < s < m — 1 are automorphisms of wU T q (ff), where ip s defined as follows: (p s (Ei) — Ei, ip s (Fi) — Fi, p s (Ki) = 
Ki,tp s (Ki) = Ki,tp s (Di) = jn-^-'Di^Di) = J s D l for any % e I. 

V. THE REPRESENTATIONS OF wUg(G) 

In this section, we try to determine the irreducible representations of wU^{Q). Suppose m — 1 is invertible in the 
field K in this section. Then 

m— 1 

e = E jr 

m - 1 ^ 

is a well-defined element. It is easy to verify that e 2 — e and J m ~ x e = e. Thus e G w. 

Suppose V is a simple module over the bi-algebra wU^(Q). Then V = J m ~ 1 V © (1 — J™ -1 )!^ is a direct sum of 
wU^{g) modules. So either V = J m ~ x V , or V = (1 - J m ~ x )V . 

IfV = (1 - J m - x )V, then Jv = for any v £ V, and K t v = K t J m v = for any v £ V. 
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If V = J m ~ 1 V, then J m ~ 1 v — v for any v G V. Suppose v G V satisfying KiV — XiV, then Aj ^ 0. In this case, 
KiKiKiV = XjKiV = XiV. So K^ = j-v. 

By now we have completed the proof of the following proposition. 

Proposition V.l Let V be simple wU q (Q)-module. Then either J m ~ 1 v = v for all v G V , or J m ~ 1 v — for any 

v G V. Suppose there exists an i G I such that KiV — XiV for some nonzero vector v. Then KiV = X{V for Aj, where 
f XT 1 if Xi ^ 0; 

Aj = < Moreover, Xi ^ if and only if J m v = v. 

[0 if Xi = 0. 

Let V = J m ~ 1 V. Suppose (Fie — eFf)V = (EiC - eEi)V = for any i £ I, then eV is a module over wU^{Q). 
Hence V = eV © (e - J m )V is a sum ofwU^Q) modules. So either V = eV ,or V = (e - J m_1 )T/. 

If V = eV, then Jv = v for any v G V. So V can be viewed as a module over wU^(Q)/(l — J). Notice that 
wUg(G)/(l — J) is isomorphic to U' q (Q) by Corollary 111.1(2). In this case, V has been studied by Rang PI. For 
example, the limit of highest weight simple module is a highest weight simple module over the generalized Kac-Moody 
algebra Q with the same weight X. Then this simple module is unique determined by its formally Borcherd-Kac-Weyl 
character formula ( see Section I). 

IfV = (e — J m ~ l )V , then ev = for any v G V. Suppose a nonzero element v G V satisfies K; t v = Xv and Jv = jv. 
Then 7 + • • • + 7 m ~ 1 = 0. So 7 m_1 = 1 and 7 is a primitive (m — l)-th root of 1. 

Suppose V = (1 — J m ~ l )V and K is an algebraically closed field. Then JV = and KiV = KiV — for any 
i G I by Proposition V.l. Similarly, we can prove that DfV = DiV = for all i G /. Hence EiFjV = FjEiV for all 
i,j G /. Moreover, V can be viewed as a module over w. Recall that w is generated by 1 — J m ~ x , Ei(l — J" 1-1 ), and 
Fj(l - J" 1 ' 1 ), where E^Fj are type one. Hence - J^^F^l - J^fV = Fj(l - J^^E^l - J m - Y )V for all 
i,j G /. In the following, we try to determine the structure of V in some special case. 

Let Xi = Ei(l — J m ),Yi = Fi(l — J m ). Then every simple module V over w is a module over the algebra generated 
by {Xi,Yj\ for i G I\,J G I2}, where I\ = {i G I\Ei is type one}, I 2 = {j G I\Fj is type one}. The generators Xi,Yj 
satisfy the following relation: 



XjYj — YjXi, 



£^o ,j (-ir 



E^o w (-i) r 



1 - dij 



r 

1 - aij 
r 



XI aii r X 3 Xl = Q if a u = 2,i^j, 



Y- at] 'W = if a u = 2,i^j, 



XiXj — XjXi — YiYj — YjYi — 0, if aij — 0. 
This simple module V satisfies JV = 0. From the above discussion, we obtain the following result. 

Corollary V.l If = for any i G (7i U h) H I + , then every simple module over w is isomorphic to w/M, where 
M is a maximal ideal of w. 
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By Corollary V.l, the only simple over w is K[x]/(p(x)) if \I\ U/2I = 1, where p(x) is an irreducible polynomial 
in K[x]. Suppose K is an algebraically closed field. If dij — for any i G (h U I 2 ) n I + , and \h U I 2 \ = n, then 
the simple module V over w is isomorphic to K[Xj,l^|i G I\,Jj £ -^2]/({^Q ~~ a i?^j ~~ G £ ^2}) / or so^e 
((ai)^, (fi^g/OGK" 
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